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1. Introduction
Let Φ be the free group of rank 2 and ξ, η two generating elements. We fix the commu-
tator to be
λ = [ξ, η] = η−1ξ−1ηξ.
(Admittedly the understanding of [ξ, η] to be (η−1ξ−1ηξ)−1 = ξ−1η−1ξη is preferred
in the literature; we stick, in order to avoid confusion, to our definition as this has been
adopted in the preceding article [1].) An element α ∈ Φ is called primitive if there exists
β ∈ Φ such that
[α,β] = β−1α−1βα = λ;





defines an automorphism of Φ which fixes λ; we here refer to numbers [2,3] listed below;
for some recent contribution to the problem to which this paper is devoted see [4]. In [1]
it has been shown that α is primitive if and only if ω = ηαξ−1 is a palindrome with the
property that there exists a palindrome π ∈ Φ such that
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for the definition of the term “palindrome” see the next section. (1) is equivalent to saying
that πωη−1ξ is a palindrome, again. If ω allows such a π to exist then β = ξ−1πη satisfies
[α,β] = λ, and any β ∈ Φ solving [α,β] = λ with given primitive α is of this form with
some palindrome π satisfying (1). To check that [α,β] = λ is a matter of straightforward
computation using (1) in inverted form:
β−1α−1βα = η−1π−1ξ · ξ−1ω−1η · ξ−1πη · η−1ωξ
= η−1(π−1ω−1ηξ−1)πωξ = η−1(ξ−1ηω−1π−1)πωξ = λ.
In this paper we give a complete description of all palindromes ω ∈ Φ for which
α = η−1ωξ is primitive. It should be noted that all information about palindromes π ∈ Φ
for which πωη−1ξ is a palindrome is already encoded in α, so we eventually list all solu-
tions of [α,β] = λ with respect to α,β ∈ Φ .
The result looks as follows: The palindromes ω ∈ Φ for which α = η−1ωξ is primitive
separate in three classes which we call the elementary ones, the generic ones, and the
degenerate ones. The main task is to deal with the generic palindromes; the degenerate
ones may, by a simple algorithm be reduced to the other two classes, and the elementary
palindromes are very easy to deal with. The class of generic palindromes is parametrized
by three integers: N  2 which in terms of 2N − 1 stands for the length of a palindrome,
e ∈ Z, = 0,−1 which goes into the exponents of ξ - and η-powers of ω, and k ∈ Z coprime
with N which controls the distribution of the exponents along ω; k matters mod N , only.
2. Preparatory material
We use the term “string” for a finite ordered collection of objects cj of some set C:
g = c1 . . . cj . . . cN ; (2)
g is allowed to be empty, i.e., N is allowed to be 0. We let the symmetric group SN of
degree N  2 act on the set of strings with length N :
σg = cσ1 . . . cσj . . . cσN
if σ ∈ SN and g as above in (2). We stick to the convention that (1,2)(2,3) = (1,2,3)
moves 1 to 2. It is convenient and appropriate to let the indices j move freely in their
residue class modulo the length of the string so to work with SN as the symmetric group
of Z/NZ. A string as in (2) we call a palindrome if cj = cj∗ in case j + j∗ ≡ 1 mod N ;
the empty string is also regarded a palindrome.
The elements of Φ we interpret as strings of arbitrary length N  0 whose letters are
powers of ξ or η with nonzero exponents alternating along the string. A palindrome ω ∈ Φ
then may be characterized by ωω˜ = 1 where α → α˜ is the automorphism of Φ which sends
ξ and η to their inverses. A palindrome ω ∈ Φ which is not 1 we call a ξ -palindrome or an
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of α ∈ Φ is defined to be the length of α as a string; L(ω) is, for ω ∈ Φ a palindrome an
odd integer, except for L(1) = 0.
Definition. A palindrome ω ∈ Φ we call
• elementary, if L(ω) = 0 or 1,
• generic, if L(ω) 3 and L(ξωξ)L(ω),L(η−1ωη−1) L(ω),
• degenerate, if L(ω) 3 and L(ξωξ) < L(ω) or L(η−1ωη−1) < L(ω).
Remark. In case a palindrome ω ∈ Φ is generic one of the two required inequalities actu-
ally will be an equality, and the other one becomes an equality if the summand 2 is added
on the right side. A degenerate palindrome is of the form ξ−1ω′ξ−1 or ηω′η with ω′ an
η-palindrome or a ξ -palindrome, respectively, shorter than ω.
3. Strings and palindromes
The following is elementary but crucial:
Lemma. Let N  2 be integral and ζ the N -cycle (1, . . . , j, j +1, . . . ,N) ∈ SN . Let k ∈ Z,
and decompose the permutation (1,N)ζ k ∈ SN into disjoint cycles. Then the following
holds:
(1) The indices 1 and N appear in different cycles if and only if k and N are coprime. If
this is the case (1,N)ζ k = ζ1ζN with two disjoint cycles, the index 1 occurring in ζ1
and the index N occurring in ζN . Furthermore:
(2) If j, j∗ are indices mod N , neither 0 nor 1 mod N , satisfying j + j∗ ≡ 1 mod N then
they occur in the same cycle.
(3) If j, j∗ are indices mod N satisfying j + j∗ ≡ 1 − k mod N then they occur in the
same cycle.
Proof. If 1 and N occur in different cycles in the decomposition of (1,N)ζ k then they
occur in a common cycle in the decomposition of ζ k (and vice versa). So there is then
some power (ζ k)l = ζ kl of ζ which moves N to 1. But this is achieved by ζ itself, only.
This proves (1).
Assume with no loss of generality that 1  k  N − 1 and choose k¯,1  k¯  N − 1,
multiplicatively the inverse of −k mod N :




1, . . . ,1 + νk,1 + (ν + 1)k, . . . , (1 + (k¯ − 1)k)) mod N,
ζN ≡
(
1 + k¯k, . . . ,1 + νk,1 + (ν + 1)k, . . . ,1 + (N − 1)k) mod N.
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J1 =
{
1 + νk mod N | 0 ν  k¯ − 1} and JN = {1 + νk mod N | k¯  ν N − 1}.
These sets are the sets of indices which occur in ζ1 and ζN , respectively. The conditions
on the indices j and j∗ showing up under numbers (2) and (3) of the lemma are simply
the translations of obvious reflectional symmetries of the ranges for the parameter ν in the
definition of J1 and JN :
J1 allows ν → ν∗ = k¯ − 1 − ν, J1 \ {1} allows ν → ν∗ = k¯ − ν,
similarly,
JN allows ν → ν∗ = N + k¯ − 1 − ν, JN \ {N} allows ν → ν∗ = N + k¯ − ν.
Expressed in terms of j ≡ 1 + νk, j∗ ≡ 1 + ν∗k mod N this translates to the statements:
• If j, j∗ ∈ J1 ∪ JN such that
j + j∗ (≡ 2 + (ν + ν∗)k ≡ 2 + (k¯ − 1)k)≡ 1 − k mod N
then j and j∗ both are in J1 or both in JN .
• If j, j∗ ∈ J1 ∪ JN \ {1,N} such that
j + j∗ (≡ 2 + (ν + ν∗)k ≡ 2 + k¯k)≡ 1 mod N
then both are in J1 \ {1} or in JN \ {N}.
(Remember kk¯ ≡ −1 mod N .) Note that J1 and JN play the role of the orbits in {j mod N}
under the action of the cyclic permutation group generated by (1,N)ζ k.
So the lemma is proven. 
We translate it into a statement about strings.
Proposition. Let
g = c1 . . . cj . . . cN
be a string of length N  2. Build the string g∗ from g by interchanging c1 and cN :
g∗ = c∗1 . . . c∗j . . . c∗N, c∗j = c(1,N)j , 1 j N,
under the assumption that c1 = cN , equivalently g∗ = g, but require that some cyclic re-
arrangement of g∗ reproduces g:
ζ kg∗ = g
for some k, ζ being the N -cycle (1, . . . , j, j + 1, . . . ,N). Then the following holds:
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(2) The two substrings
g1 = c1 . . . cj cj+1 . . . cN−k, gN = cN−k+1 . . . cj cj+1 . . . cN
which via juxtaposition compose g are palindromes.
(3) If the rightmost letter cN in g is replaced by c1 (or the leftmost letter c1 by cN ) a palin-
drome comes out.
(4) cj ∈ {c1, cN } for all j ; more precisely, k and N are coprime and
cj =
{
c1, if j ∈ J1,
cN , if j ∈ IN ,
where J1 and JN are, as in the lemma the orbits of the permutation group generated
by (1,N)ζ k , 1 ∈ J1, N ∈ JN .
Before proving the proposition we present some examples.
(1) N = 12 even, k = 5 (so k¯ = 7). We compute, with ζ = (1,2, . . . ,12):
(1,12)ζ 5 = (1,6,11,4,9,2,7)(12,5,10,3,8).
So
J1 = {1,2,4,6,7,9,11}, J12 = {3,5,8,10,12}.
It is easily checked that indices j, j∗ which add up to 1 − 5 ≡ 8 mod 12 are both in J1 or
both in J12, and if they add up to 1 mod 12 but are different from 1 and 12 the same is true.
The substrings g1 and g12 of g are
g1 = c1c2c3c4c5c6c7 = c1c1c12c1c12c1c1, g12 = c8c9c10c11c12 = c12c1c12c1c12
which are both palindromes. It is easy to check that their juxtaposition g = g1g12 becomes
a palindrome if the rightmost letter c12 is replaced by c1.
(2) N = 15 odd, k = 4 (so k¯ = 11). We compute, with ζ = (1,2, . . . ,15)
(1,15)ζ 4 = (1,5,9,13,2,6,10,14,3,7,11)(15,4,8,12).
So
J1 = {1,2,3,5,6,7,9,10,11,13,14}, J15 = {4,8,12,15},
g1 = c1c1c1c15c1c1c1c15c1c1c1, g15 = c15c1c1c15.
The situation k = 1 exists for every N  2. We then have
J1 = {1,2, . . . ,N − 1}, JN = {N},
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g = g1gN is when remedied by replacing cN by c1 to the constant palindrome with all
letters equal to c1. We observe a fact which is true in general: If for N  2 and k coprime
with N the exponent k is replaced by −k the roles of J1 and JN will be interchanged in
the following sense: J1 will turn to JN \ {N} ∪ {1} and JN will turn to J1 \ {1} ∪ {N}.
We shall now prove the proposition.
Proof. The assumption that g be a cyclic rearrangment of g∗ is equivalent to the solvability
of the system of equations
c(1,N)ζ kj = cj for all j mod N
where k is the shift involved. So cj = cj∗ if j and j∗ are in a common orbit under the
cyclic group generated by (1,N)ζ k . But we have assumed c1 = cN , so 1 and N are in
different orbits, so we may apply the lemma and conclude that k and N are coprime. We
write (1,N)ζ k = ζ1ζN with J1 and JN as in the lemma. The two substrings are
g1 = c11 . . . c1j . . . c1,N−k, c1j = cj , 1 j N − k,
gN = cN1 . . . cNj . . . cNk, cNj = cN−k+j , 1 j  k.
To show that g1 and gN are palindromes requires to show that
c1j = c1j∗ if 1 j, j∗ N − k, j + j∗ ≡ 1 mod N − k,
and
cNj = cNj∗ if 1 j, j∗  k, j + j∗ ≡ 1 mod k,
N −k and k being the lengths of g1 and gN , respectively. But whenever j + j∗ ≡ 1 mod M
holds for some integer M  1 and 1 j, j∗ M then j +j∗ = M+1. So we have to show
that
c1j = c1j∗ if 1 j, j∗ N − k, j + j∗ = N − k + 1,
and
cNj = cNj∗ if 1 j, j∗  k, j + j∗ = k + 1.
In terms of g this means that cj = cj∗ should hold in the two cases
1 j, j∗ N − k, j + j∗ = N − k + 1
or
N − k + 1 j, j∗ N, j + j∗ = 2N − 2k + k + 1.
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are palindromes. We also have seen that cj is solely allowed the alternative cj = c1 or
cj = cN as stated in the proposition. The third part of the proposition is a consequence of
the lemma, as well: If j, j∗ ∈ J1 ∪ JN \ {1,N} satisfy j + j∗ ≡ 1 mod N then they both
are in J1 or both in JN , so then cj = cj∗ . The only obstruction for g to be a palindrome
is that by assumption the leftmost and the rightmost letters c1 and cN are different. So
to substitute one of them by the other one will create a palindrome. So the proposition is
proven. 
4. Generic palindromes and the main result
We now are in the position to solve the equation
πωη−1ξ = ξη−1ωπ (3)
with respect to palindromes ω and π , ω generic. For ω a ξ -palindrome we rewrite (3):
ωξη−1 = (ηξ−1πξ−1)ξωη−1(ηξ−1πξ−1)−1, (4)
and for η-palindromes:
ωη−1ξ = (π−1ξ)η−1ωξ(π−1ξ)−1. (5)
The assumption that ω be generic implies that for ω a ξ -palindrome the group elements
ωξη−1 and ξωη−1 are cyclically reduced; the same is true for ωη−1ξ and η−1ωξ instead
if ω is an η-palindrome.
We put together what is needed in order to state the main result: N  2 is an integer,
ζ the N -cycle (1,2, . . . ,N) ∈ SN ; for k some integer 1  k  N coprime with N we
decompose (1,N)ζ k = ζ1ζN into disjoint cycles; ζ1 containing 1, ζN containing N .
J1(k) = J1 is the set of indices j,1  j  N , which occur in ζ1, JN(k) = JN the set
of indices which occur in ζN .
Theorem. Let f be an automorphism of Φ , f (ξ) = α, f (η) = β, which leaves λ =
η−1ξ−1ηξ invariant, the palindrome ω = ηαξ−1 assumed to be generic. Write
ω = ξa1η−b1 . . . ξ aN−1η−bN−1ξa1
if ω is a ξ -palindrome, and
ω = η−a1ξb1 . . . η−aN−1ξbN−1η−a1
in the η-case. Here all exponents are different from 0, so L(ω) = 2N −1 3, and a1 = −1.
Then
(1) bj = 1 for all j , 1 j N .
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aj =
{
e, if j ∈ J1,
e + 1, if j ∈ JN \ {N},
where we have put a1 = e. The data N  2, k, 1  k  N − 1 coprime with N ,
e ∈ Z, = 0,−1 may be given arbitrarily in order to create a generic palindrome and
so a primitive α = η−1ωξ ∈ Φ.
(3) ωξ = π1η−1π2 if ω is a ξ -palindrome, and ωη−1 = π1ξπ2 if ω is an η-palindrome, π1
and π2 being palindromes with
L(π1) = 2(N − k) − 1, L(π2) = 2k − 1,




ξπ−12 ξ, ω a ξ -palindrome,
ξπ2ξ, ω an η-palindrome,
and take α = η−1ωξ as under (2). Then β = ξ−1πη solves
[α,β] = λ.
Note that it is well known that the elements β ′ ∈ Φ which solve [α,β ′] = λ then will
fill the set {αnβ | n ∈ Z}.
Proof. We check the last statement first:
For ω a ξ -palindrome we assume ωξ = π1η−1π2 as in (3); we get ξω = π2η−1π1 sim-
ply by reading both sides from right to left. So
α = η−1ωξ = η−1ξ−1ξωξ = η−1ξ−1π2η−1π1ξ, β = ξ−1ξπ−12 ξη = π−12 ξη,
so
βα = η−1π1ξ and β−1α−1 = η−1ξ−1π2π−12 ηπ−11 = η−1ξ−1ηπ−11 η,
so [α,β] = λ. If for ω an η-palindrome we assume ωη−1 = π1ξπ2 we have η−1ω = π2ξπ1
in analogy to the preceding case, getting
α = η−1π1ξπ2ηξ = π2ξπ1ξ, β = π2ξη.
So
α−1β = ξ−1π−1η and β−1α−1βα = η−1ξ−1π−1ξ−1π−1ηη−1π1ξπ2ηξ = λ.1 2 1
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case ω a ξ -palindrome, the other one being analogous. We write ω as in the theorem. Let
γ = ωξη−1 = ξa1η−b1ξa2η−b2 . . . ξ aN−1η−bN−1ξaN η−bN ∈ Φ
with aN = a1 + 1, bN = 1, and
γ ∗ = ξωη−1 = ξaN η−b1ξa2η−b2 . . . ξ aN−1η−bN−1ξa1η−bN ∈ Φ.
γ is a cyclic rearrangement of γ ∗ as both are cyclically reduced elements of Φ and conju-
gate to each other; see (4) and (5), respectively. This cyclic rearrangement will, of course,
work on the two parallel substrings consisting of the exponents aN,a2, . . . , aN−1, a1 on ξ
and of the exponents b1, b2, . . . , bN−1, bN on η−1 in γ ∗. This cyclic rearrangement with
step k, say, has to move the string
aNa2 . . . aN−1a1
onto the string
a1a2 . . . aN−1aN
which is, as aN = a1 + 1, different from the first. So we can apply the proposition getting
that k and N are coprime. The exponents aj and bj so satisfy
a(1,N)ζ kj = aj , bζ kj = bj
for 1 j N, so we get at once from ζ k being an N -cycle that
bj = bN = 1 for all j, and aj =
{
e, if j ∈ J1,
e + 1, if j ∈ JN .
We now view γ and γ ∗ as strings of pairs of exponents:
γ  (a1, b1)(a2, b2) . . . (aN−1, bN−1)(aN , bN),
γ ∗  (aN , bN)(a2, b2) . . . (aN−1, bN−1)(aN , bN)
where γ ∗ arises from γ by interchanging the first and last elements which obviously are
different. So the proposition says that γ as a string of pairs breaks into two palindromes γ1
and γN which in terms of pairs are
γ1  (a1, b1) . . . (aN−k, bN−k), γN  (aN−k+1, bN−k+1) . . . (aN , bN)
and that the string of pairs for γ becomes a palindrome if the rightmost pair (aN , bN) is
replaced by the leftmost, (a1, b1). In terms of elements of Φ this means that
ωξ = γ η = π1η−1π2
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discussion for ω an η-palindrome would lead to
ωη−1 = π1ξπ2
with palindromes π1,π2 again with lengths L(π1) = 2(N − k) − 1 and L(π2) = 2k − 1.
So the theorem is proven. 
We relate this result to a classical context. We denote by F the group of all automor-
phisms of Φ which leave λ invariant. The abelianization Φ¯ of Φ induces canonically an
epimorphism of F to the modular group SL2(Z). We write for Φ = 〈ξ, η〉:
Φ¯ = Φab = Zξ¯ + Zη¯.
Then
F 







, (α¯, β¯) = (ξ¯ , η¯)A(f ).














will be determined by the parameters N,k, and e which enter into the construction of α
and β . We get
A(f ) =
(


















( 1 0)(N k
¯ kk¯+1
)−N(e + 1) + k −k(e + 1) +
N
−(e + 1) 1 k
N
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c d
) ∈ SL(2,Z) which arise this way have
to respect the conditions on N,k, e:
c−2, 1 d  |c| − 1, |a| > |c| (6)
in the first case, and
a  2, 1 b a − 1, |c| > a (7)
in the second case. Each such matrix obviously allows to recover the data N,k, e (we
restrict ourselves to the first case): N = −c  2 as requested, k = d coprime with N , the
determinant being 1, and 1 k N − 1 as assumed. Finally, e ∈ Z, = 0,−1; the possible
solutions e = 0,−1 would lead to a = N − k¯ and −k¯, respectively which are excluded by
the requirement that |a| > N . So the matrices A = ( a b
c d
) ∈ SL(2,Z) with conditions (6)
or (7) are in one–one correspondence with the generic palindromes ω ∈ Φ and therefore
allow to explicitly construct (all) f ∈ F which come from a given generic palindrome ω.
5. The elementary palindromes
For all elementary palindromes ω the element α = η−1ωξ ∈ Φ is primitive:
(1) ω = 1. Put, e.g., π = ξ , then πωη−1ξ = ξη−1ωπ , so with α = η−1ωξ = η−1ξ ,
β = ξ−1πη = η we have [α,β] = λ which is easily checked directly.
(2) ω = ξe, e = 0. Put, e.g., π = ξ1−e. Then α = η−1ξe+1 and β = ξ−eη and [α,β] = λ.
(3) ω = ηe, e = 0. Put, e.g., π = η1−e. Then α = ηe−1ξ and β = ξ−1η2−e and [α,β] = λ.
6. The degenerate palindromes







It respects, like every power of it the splitting of Φ into the free product of the cyclic
subgroups generated by ξ and η, respectively, has order 4, and is orientation preserving
in the sense that λ goes into a conjugate of itself: f0(λ) = ηλη−1. Note that f 20 (γ−1) for
γ ∈ Φ is γ read from right to left, so an element ω ∈ Φ is a palindrome if and only if
ωf 20 (ω) = 1.
We set
τ0 = ξ, τ1 = f0(ξ) = η−1, τ2 = f 20 (ξ) = ξ−1, τ3 = f 30 (ξ) = η
and define τj for all j ∈ Z by τj+4 = τj . Note that τj τj+2 = 1 and f−m0 (τm+j ) = τj for
all m,j ∈ Z.
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dromes
ω0 = ω, ωj+1 = τjωj τj , j ∈ Z.
Of course, we have τj−1 = τj+1ωjτj+1. Our aim is to explicitly exhibit all palindromes ω
which yield, in terms of α = η−1ωξ a primitive element, also in case ω is degenerate. We
succeed by observing how this property when assumed for ω = ω0 translates to the indi-
vidual members of the sequence ωj , and concentrate on the first ωj (first by the absolute
value of the index j ) which is shortest.
The corollary to the theorem in [1] says, in slightly modified formulation: For a palin-
drome ω ∈ Φ the element α = η−1ωξ is primitive if and only if ωξη−1 and ωη−1ξ are
conjugate in Φ . So ω = ω0 is assumed to have the property that ω0τ0τ1 and ω0τ1τ0 are
conjugate. By induction we find that ωjτj τj+1 and ωjτj+1τj are conjugate in Φ for all
j ∈ Z:
ωj+1τj+1τj+2 = τjωj τj τj+1τj+2 conjugate to τj+2τjωj τj τj+1 = ωjτj τj+1,
and
ωj+1τj+2τj+1 = τjωj τj τj+2τj+1 = τjωj τj+1 conjugate to ωjτj+1τj .
By definition









−1 and f−j0 (ωj )η
−1ξ, j ∈ Z,
are conjugate in Φ . Trivially, f−j0 (ωj ) is again a palindrome, so for each j ∈ Z we con-
clude that η−1f−j0 (ωj )ξ is primitive.
Let now ω = ω0 a degenerate palindrome with ω0ξη−1 being conjugate to ω0η−1ξ . In
order to reduce the investigation of the explicit structure of ω to the generic or elementary
case we look at the integer valued function
j → L(ωj ), j ∈ Z,
defined by ω = ω0. This function turns out to possess exactly one minimum or exactly two
minima: In the first case the minimum is 0, and in the second the minima are positive and
neighbours of each other; L(ωj ) decreases linearly on the left until reaching the minimum
and increases linearly on the right when leaving it. We call, for short, the palindrome ωm
with |m| minimal and L(ωm) minimal the core of ω. All this requires some elementary
inspection, only: We look at two consecutive values of L(ωj ):
• if L(ωj ) < L(ωj+1) then L(ωj+2) = L(ωj+1) + 2;
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• if L(ωj ) = L(ωj+1) then L(ωj ) = 0 and L(ωj−1) = L(ωj+2) = L(ωj ) + 2;
• if L(ωj−1) > L(ωj ) and L(ωj+1) > L(ωj ) then L(ωj ) = 0 and L(ωj−1) =
L(ωj+1) = 1.
No other cases can occur.
We note that it is appropriate to identify the generic palindromes with their core as well
as the elementary ones except for ξ−2 and η2. In case ω0 is different from its core ωm we
have m = 0 and m > 0 for ω0 a ξ -palindrome and m < 0 for ω0 an η-palindrome.
We now formulate the result of this section in the following
Addendum to the theorem. Let ω = ω0 a palindrome with core ωm, m > 0 (so ω a non-
generic ξ -palindrome) such that ωξη−1 and ωη−1ξ are conjugate in Φ . Write





ρm = τm−1τm−2 · · · τ1τ0.
Then
ω˜m = f−m0 (ωm)
is a ξ -palindrome either generic or elementary. It has the property that ω˜mξη−1 and
ω˜mη
−1ξ are conjugate in Φ . So ω˜m has the structure described in the foregoing sections,
and we are able to reconstruct
ω = ω0 = ρ−1m f−m0 (ω˜m)f 20 (ρm).
In case m < 0, so ω = ω0 an η-palindrome the result looks, mutatis mutandis, the same.
Proof. The case ωm = 1 is trivial: We have ρmω0f 20 (ρ−1m ) = 1, so
ω = ω0 = ρ−1m f 20 (ρm) = τ2τ3 . . . τmτ 2m+1τm . . . τ3τ2.
Obviously ωτ0τ1 and ωτ1τ0 are conjugate, so α = τ1ωτ0 = η−1ωξ is a primitive.
Let now ωm = 1. Then L(ωm+1) = L(ωm), ωm+1 = τmωmτm, and, by the above rea-
soning, ωmτmτm+1 is conjugate to ωmτm+1τm. We therefore have
f−m0 (ωm+1) = f−m0 (τmωmτm) = ξf−m0 (ωm)ξ = ξω˜mξ.
f0 is length preserving, so ω˜m (= ξe, e = 2, elementary or) generic, the latter by the ob-
servation that certainly L(η−1ω˜mη−1) > L(ω˜m). We check that
ω˜mξη
−1 = f−m(ωmτmτm+1)0
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ω˜mη
−1ξ = f−m0 (ωmτm+1τm)
are conjugate by remembering that the two arguments inside f−m0 are. So the structure of
ω˜m is known from the preceding sections, and so
ω = ρ−1m fm0 (ω˜m)f 20 (ρm)
is known. This completes the classification of the primitive elements in Φ . 
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